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ison with more standard GAs. The suitability of the identi� ed
model was demonstrated by showing its predictive capabilities
against tests with signi� cantly different mass distributions.
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Introduction

T HE trailing wake model employed by classical � nite wing
theory is a thin vorticity sheet that leaves the trailing edge

in the freestream direction. Although this straight wake differs
from the physical, force-free wake shape, it is drag free, since
the wake vorticity is parallel to the freestream. This fact en-
ables accurate induced drag computation with straight wakes
by integration of the wake properties in the Trefftz plane. The
use of straight wakes in linear potential methods is well estab-
lished, providing suf� cient accuracy for most engineering anal-
yses.

Although the potential for reducing drag may be small, the
in� uence of the force-free wake on induced drag has become
the subject of active research. A study of the nonlinear effects
of wake shape on induced drag requires Trefftz-plane integra-
tion on the force-free wake. However, any error in the com-
puted wake shape will produce an error in the integrated drag,
since the wake is no longer force-free. This Note presents a
novel wake relaxation scheme that was developed to enable
accurate Trefftz-plane integration of induced drag with force-
free wakes.
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Background
References 1 – 3 have demonstrated that surface-pressure in-

tegration is an unreliable method of computing induced drag.
Errors arising from inadequate resolution of the pressure dis-
tribution may be planform dependent, leading to incorrect con-
clusions about the in� uence of planform shape on induced
drag.1,2 When panel methods are used, the induced drag may
be determined by surveying the trailing wake properties and
numerically evaluating the well-known Trefftz plane integral.
Reference 1 described the application and accuracy of this
technique using the Boeing A502 high-order panel code.4 All
induced drag values presented in this Note were computed by
this technique.

Linear panel methods require that the wake geometry be
prescribed, and so either a straight wake model or a model of
the force-free wake shape must be obtained. A variety of tech-
niques exist for computing the force-free wake shape down-
stream of the wing. The most widely used methods use a dis-
crete vortex – lattice model of the wing and wake.5– 7 The
velocities induced on the wake are computed and an iterative
procedure is used to displace the wake to align it with the local
� ow. A viscous core model is required to prevent erratic be-
havior of the vortex � laments when they pass near each other.
Reference 8 describes an alternative method of relaxing a dis-
tributed-vorticity wake sheet, using a smoothing algorithm to
prevent erratic behavior along the outboard edge. Once the
force-free wake shape is created, it can then be converted to
a panel geometry for Trefftz plane drag analysis by the high-
order panel code.

Errors Associated with Vortex – Lattice Wake
Relaxation Schemes

A time-marching vortex – lattice wake relaxation program5

was used to create a force-free wake model for an elliptical
wing [aspect ratio, (AR) = 7, with straight trailing edge] at
4.0-deg angle of attack. This wing was chosen based on a
hypothesis described in Refs. 9 and 10, indicating that a
straight wake model and an accurate force-free wake model
should produce the same Trefftz-plane drag for this planform.
A panel model of the same wing was created with NACA 0012
airfoils and a panel representation of the force-free wake ge-
ometry from the vortex – lattice method. The 50-vortex model
of the wake was edited to match the 18 spanwise panels on
the wing. Convergence studies in Ref. 1 indicate that the ex-
pected error in numerical evaluation of the Trefftz-plane in-
tegral with 18 panels is about 0.5%. Since the wing lift (cir-
culation) rather than angle of attack determines the wake
shape, the angle of attack of the panel model was adjusted to
match the lift coef� cient of the vortex – lattice model.

The computed span ef� ciency, e = , of this2C /pARCL Di

model was 1.035, almost 5% higher than the expected value
based on the straight wake result, e = 0.99. To improve the
resolution of the wake shape, the 50-vortex wake model was
re-edited to create a model with 19 spanwise panels. This pro-
duced a computed e = 1.058. A second vortex – lattice wake
model was then generated with half the time-step size, again
to improve the resolution of the wake shape. A 19-panel rep-
resentation of this wake produced a computed e = 1.082, 9%
higher than the expected value. The small change in wake
shape that produced this large change in computed span ef� -
ciency is shown in Fig. 1. Evidently, the drag computed in the
Trefftz plane is highly sensitive to details of the wake shape.

One possible source of error in wake shape is the approxi-
mation of the wing � ow� eld inherent to the vortex – lattice
method. The wake shape is determined from velocities induced
by the bound and trailing vortex systems, but vortex – lattice
methods have velocity singularities at the panel edges, and the
velocities are correct only at the control points. Signi� cant
velocity errors exist at other points in the � eld, particularly at
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Fig. 1 Computed span ef� ciency affected by small change in
wake shape.

Fig. 2 Flow chart of hybrid wake relaxation scheme.

the trailing edge. If velocity errors exist on the wake near the
trailing edge, the relaxed wake shape would be incorrect.

Further dif� culty with the discrete-vortex representation of
the wing arises when the wake passes near a portion of wing
surface, such as the case of a closely coupled tandem wing.
In this case, the velocity singularities on the wing produce
highly erratic behavior of the wake vortex � laments as they
pass over the wing. To study the potential for nonlinear inter-
action of the wake and wing surface, a more reliable method
for computing the force-free wake shape is needed.

Hybrid Wake – Relaxation Scheme
One method of improving the velocities near the trailing

edge is a hybrid wake – relaxation method that takes advantage
of the more accurate velocities of the high-order panel method
while exploiting the well-behaved nature of the discrete-vortex
wake with viscous-core model. The high-order panel method
is used to compute the velocities induced on the wake by the
wing, whereas the velocities induced by the wake itself are
computed from the discrete-vortex model. The wake vortex
strengths are determined from the vorticity distribution on the
wake from the panel code. A relaxation scheme iteratively re-
positions the wake to be tangent to the local � ow.

A � ow chart of the iteration process used to relax the wake
shape is shown in Fig. 2. At the beginning of each iteration, a
complete � ow solution for the wing and wake geometry is
obtained from the high-order panel code. The aerodynamic
in� uence coef� cient matrix (AIC) and the singularity strengths
{m} for this solution are saved to permit evaluation of � eld
velocities. The wake circulation distribution is determined and
an equivalent discrete-vortex wake is constructed. A down-
stream space-march is then used to convect the wake to align
it with the local � ow. Velocities induced by the wing system
(not including the wake) along a spanwise row of nodes on
the wake are computed from the saved AICs and singularity
strengths from the panel code. The velocities induced by the
discrete-vortex wake are computed at the same nodes using
the Biot – Savart law, modi� ed by the viscous-core model of
Ref. 5. The induced velocities from the wing system and wake
are then combined to form the total induced velocities, v and
w, needed to convect the wake.

A second-order Adams – Bashforth method is used to deter-
mine the displacement of the next row of nodes so that the
intervening wake segments are tangent to the local � ow. Al-
though the convergence rate is reduced, the method is more
robust if the nodal displacement is reduced by an underrelax-
ation factor r. At each step in the space-march, the entire wake
downstream of the current set of nodes is displaced, allowing
the evolving wake shape to propagate downstream. This
method, applied to the z component of the wake position, can
be summarized mathematically as follows:

d x 3 1nZ * = Z 1 w 2 wi1 1 i i i2 1S DU 2 2`

where i is the current node index

ndz = r (Z* 2 Z )i11 i11

where n is the marching index and r is the relaxation factor,
and � nally, the nodal displacements are applied at all nodes
downstream:

n1 1 nZ = Z 1 dzi11 imax i11 imax® ®

The same procedure is applied to the y component.
Once this marching process propagates to the downstream

boundary of the wake, the next iteration begins with a new
� ow solution from the panel code with the revised wake ge-
ometry. The update of the AICs and singularity strengths is
necessary because the wake displacement modi� es the in� u-
ence of the wake on the wing. Experience with this method
has shown that convergence to a qualitatively reasonable wake
shape takes three or four iterations, but convergence of the
Trefftz-plane drag computation to within 0.25% requires 12 –

15 iterations, using an underrelaxation value of r = 0.5.

Sample Results
This hybrid wake – relaxation scheme was applied to two AR

= 7 elliptical wing planforms, with complete results presented
in Ref. 1. Trefftz-plane induced-drag predictions were obtained
with a straight wake model as well as with force-free wakes
generated by the hybrid scheme and the previously described
vortex – lattice method. For the wing with straight trailing edge,
a comparison of the wake shapes and span ef� ciency deter-
mined by the two wake relaxation methods is shown in Fig.
3. Drag predictions from high-resolution pressure integrations
for the straight wake model and the force-free wake model
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Fig. 3 Wake shapes produced by vortex – lattice and hybrid
methods.

agreed within 0.1%, consistent with the hypothesis of Refs. 9
and 10. The agreement of the Trefftz-plane drag computed
with the straight wake and the force-free wake, also 0.1%,
indicates that the hybrid scheme produces force-free wakes of
suf� cient accuracy to enable Trefftz-plane integration of drag.

The hybrid method has also been successfully applied to an
unusual split tip wing that has two outer wing panels in tan-
dem, with no dihedral.10 This planform is challenging for the
wake – relaxation method because the wake from the forward
tip panel passes closely over the rear tip panel. A conventional
vortex– lattice method could not accommodate this close wake
interaction because of the strong velocity singularities pro-
duced by the vortex elements on the wing. The drag prediction
for the split tip wing using the hybrid wake method was in
close agreement with high-resolution pressure integration as
well as with wind-tunnel experiments using a wake survey
method that enables direct measurement of induced drag.

Conclusions
A technique has been developed for numerically computing

the force-free wake shape downstream of � nite wings, based
on the need for very accurate integration of induced drag in
the Trefftz plane. An AR = 7 elliptical wing with straight trail-
ing edge was used to study the in� uence of the computed wake
shape on induced drag. A traditional vortex-lattice relaxation
method produced a wake that led to a 9% error in Trefftz-
plane drag. The new method presented here obtains more ac-
curate wing-induced velocities from a high-order panel
method, while relying on the well-behaved nature of the dis-
crete-vortex wake model for the wake-induced velocities. The
induced drag with the wake produced by this hybrid scheme
agreed with the drag predicted with a straight wake within
0.1%, consistent with high-resolution pressure integration.
These and other cited results indicate that the hybrid scheme
produces wakes of suf� cient accuracy to enable Trefftz-plane
integration of drag on the force-free wake.
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Introduction

A ERODYNAMIC shape optimization is one of the major
targets of computational � uid dynamics (CFD) today to

improve design ef� ciency. Among aircraft components, opti-
mization of airfoil shape has a signi� cant impact on aircraft
performance. Thus, transonic airfoil optimization is considered
here.

In Ref. 1, a genetic algorithm (GA) has been applied to
optimize target pressure distributions for inverse design meth-
ods. Pressure distributions around airfoils are parameterized by
B-spline polygons, and the airfoil drag is minimized under
constraints on lift, airfoil thickness, and other design princi-
ples. Once a target pressure distribution is obtained, corre-
sponding airfoil geometry can be computed by an inverse de-
sign code coupled with a Navier– Stokes solver. Successful
design results were obtained for transonic cases with and with-
out a shock wave. In Ref. 1, a sharp trailing edge was em-
ployed for airfoil closure.

Traditionally, airfoil closure has been accomplished by using
a sharp trailing edge. Work to develop the supercritical airfoil
has shown the possibility of using a thin trailing-edge geom-
etry with near-parallel trailing-edge surfaces to produce a su-
perior transonic airfoil section. Further study by Henne2 leads
to a divergent trailing-edge airfoil that utilizes the bluntness of
the trailing edge to improve transonic performance. Flow� elds
around such blunt trailing-edge airfoils have been studied nu-
merically in Refs. 3 – 5.

In Ref. 6, the inverse optimization method was extended to
the design of blunt trailing-edge airfoils. To predict the � ow-
� eld around the blunt trailing edge accurately, a grid was
placed in the wake region behind the blunt trailing edge (the
H grid) in addition to a grid wrapping around the airfoil sur-
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